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Abstract Within the framework of Gaussian equivalent representation method a new proce-
dure of obtaining equations of state for simple liquids is discussed in some technical details.
The developed approach permits one to compute partition and distribution functions for
simple liquids with arbitrary form of the central two-body potential of inter-molecular in-
teraction. The proposed approach might become of great use for computing thermodynamic
and structural quantities of simple particle and polymer systems. We believe that this tech-
nique can also provide an interesting possibility to reduce the sign problem of other methods
of computer simulation based on a functional integral approach.

Keywords Self-consistent-field methods - Macromolecular and polymer solutions -
Polymer melts - Swelling

1 Introduction

The calculation of partition and distribution functions is a basic problem of statistical
physics [1]. All thermodynamics characteristics of statistical systems are determined by
these functions. As is well known, the calculation of those quantities is a formidable prob-
lem [2-4].

In this paper we develop a functional integration method for systematic approximate
calculations of classical partition functions of two-body potentials with positive and negative
Fourier transforms over the entire density and temperature range.

The Gaussian equivalent representation method has been recently introduced by Efimov
and Ganbold in the context of quantum-field theory and statistical physics to compute inte-
grals over Gaussian measure [5—7]. The GER approach has already been proven to be very
effective for computing thermodynamic properties and structural quantities of simple clas-
sical many-particle systems interacting with purely repulsive potentials like the Gauss-core
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or the Yukawa potential, possessing positive Fourier coefficients [8—10] as well as for cal-
culating the thermodynamics properties of flexible polymer systems [11, 12]. Moreover, it
has successfully been employed to reduce the numerical sign problem in conjunction with
Monte Carlo simulation [13, 14]. In the meantime, the real liquid description demands of
considering the potentials having both attraction and repulsion parts [15, 16]. In the present
work the author extends the approach for systems, where the particles interact through poten-
tials with positive and negative Fourier coefficients. This increases the range of applicability
of this method for computational simulations [19-22].

2 The Equations of State in the Theory of Simple Liquids

The simple fluid of the particle density n = N/V is thought of as a dense cloud of N
particles occupying the volume V and interacting via two-body potential of the form V (x —
x') [17, 18]. Thermodynamics of such a system is described by the partition function

7z —/di dﬂex _5iv(x,_x.) )
Y N AT I R |

For given two-body potential V (x — x’) the free energy of the system can be computed and
can be written in the form

1
E(n”B)=_E|vl|iglooanV' 2)

For systems of particles interacting via the two-body potentials having attraction V; and
repulsion V, parts the total potential can conveniently be represented in the matrix form

yvl= oo (3)
Lo v

The differential operator V ~!(x — y) satisfies the equation

/dyV"(x—y)V(y—x/):8(X—x’), or Vv =1 4)
and has a form
e ev o dk k&Y
viaen = ggoe-n= | oo ©

where \7(k) = f dxV (x)e’* is the Fourier-image of the potential. The identity

D Loyl gy 1
/C_¢e—7<¢v PHHibS) _ y= L OVD) ©)
14

with

N
b(x)=/BY 5(x—x)
j=1
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permits one to represent Boltzmann factor as

e PEN Veix) _ NEVO-E XN Vi) :f Do —1wv-ioivoinbvo
Cy

:/D¢ —t@v- ‘¢>1—[ i VB (x)+5V(©0)
Cy plle

N
D - .. .
:f ¢e—%<¢v ‘¢>H:etﬁ¢<xj>;v 7)

Ca i

where the following notation is utilized

(bo) =/de(X)¢(X), )
v
ove) = [ [ axdvbov-vpw. ©
vJv
0v'o = [ [ axtvomviec- o (10)
vJv
Let us consider the partition function in the form of functional integral
L= dx1 N dXNe—ﬂZINq Vl(xl—x]-)eﬂzl-N(sz(xi—Xj)
v IVl VI
N
f DY —toviio-twvi'n [/ dxfeiﬁd’(")eﬁ‘ﬂ“fv]
|V|N JdetV, JdetV, v
N
D Lgy-I - . N! 1 dz
e d@vTe) L iVBPX)J
|V|N «/detV 2 [/de.e ) 'Vi| 2mi |V|N¢ e lv@ b
where

O =@, V), J= (_1i>,

(12)
Iy(2) :/D_d’e—%@V*'qnﬂfvdxfeiﬂWEV
~/detV
Following the line of argument of the GER, the integral Iy (z) is written as follows
detD g1 1 1yl -1
1 3 @D o) (@v-I-D o) —(@v o) 13
v = detV «/detV (13)
o oty iVB@®+a) I+ L Vi0-v20) _ o) [ PP o HODTe Wl (g
+/detD
where

JvJ) = /dx/ dyJs(x —x)V(x—y)Jsx —y) = Vi(0) — V,2(0). (15)
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As aresult, we obtain two equations
1
Equation I : 3 [ dx/ dy(@X)[VIx—y)— D '(x—y]P(y))

+ % /dx/dy[_ﬁ(¢1)2]eiﬁ(<l>of)+§[J(V-D)J] -0

or, more specifically this equation reads

ik(x—y) iK(x—y)
T T
1

L N _Zﬂ(J)zei\/ﬁ(cbo/wgw(vfmj]’
V) D)

Equation I: — (®V 1 dg) + iz\/,gfdx(d:‘(x)])eiﬁ(“’O’)Jr%[J(V—D)JJ
or
Dy :iz\/ﬁfdx(CDJ)e"“/E(q")]Hg”(V_D)”, i=12.
Assume ®(; =ic; /B, where
¢ = Zﬁ‘zj(O)Jje—c-iji+§[J(V—D)Jj_

Making use of (20) in (17), we obtain

<1_1>_c1 (1_1>_c1
Viky DK/, Vi) Vi) Dk) /)y Vi)

(1_1)_(1_1)__02
Viky DK/, \Vk) D))y  Va(0)

This can be combined in the matrix

| 1 <l K%
Vi(k) V1(0) V2(0) ~_
" ! 2 =D !(k).
D(k) o 1 a
V2(0) Vo (k) V1(0)
Thus, we obtain for D (k)
| ~1 __a __@
~ Vs (k) Vi(0) V5 (0)
Dhy=—~| " ’ ,
A _ ~cz _1 ~cl
V2(0) Vi (k) V1(0)

where

(5i) = (7w i) (o~ 7))
A =det| = == + — - — = — [ = .
D (k) Vitk)y  Vitk)/ \Vak)  Vi(0) V2(0)

Atlarge N we can use Stirling’s formula

N!

W = lVItthn=m —  WVifs " where f, =nlnn —n.
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It is convenient to introduce function

[VIR(c)=1|V|fu+Wo— Nlnz (26)
where
1. detD 1 1 B
Wo==1 — —Tr[D(V ' =D ™H] = = (®yV D /d —eJ+3UIV=-D1))
o=3lna"y 2r[( )] 2(o 0)+ZVX€
1|V|/ dk [1 A7 M + Tr(1 b(k)(/-l(k))]
= — n— = I —
2 Q) L Vi(k)Va(k)
TR o 27)
2vi(0) 2V, (0)  BVi(0)
and
mz=1n—" 4 cs— L —pin (28)
BV1(0) 2 '
After some algebra we obtain the partition function in the form:
1 dz . D¢ 1 4p-t
7o = — & LLLVIRC@) e~ 3@ ) Wi@] 29
V' 2 Z JdetD 29)
where
W, [®] = % / dxie PO (30)
|4

The partition function integral has been derived in a similar form in Sect. III of reference
[23] for potential models with positive Fourier coefficients (see (29)—(31)). As a point of
interest, we consider the lowest approximation partition function having the form

1 dz (2
70 — ) ZZIVIRC@) 31
V' omi % Z ¢ 31

In the case V — oo integral (31) could be done using the steepest descent method

z) = %fﬂelvm(c(z» — %f%e\vm(cm — VIRG (32
l Z l

The point of global maximum c,, is defined by the equation
d
%R(c)=ll(c)+12(c)+I3(c)+N. (33)

The explicit form of functions /;(c), I>(c), I5(c), N reads

1(c)—/oo dk kz[ ! }
Tl enr Lawmvi oy — = |

Vit Vatk)
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* dk K? 1 1
b®=/ = (~ - = )
o (2m)*Vi(0)A2(k) \Va(k)  Vi(k)
1 c - -
N 2+ — Vi(k) — Vo(k 1|,
XL«@%&)<+VM»<“) 2(»>+]
© gk BK? n 1 1\’
13(6‘)2/ TR = (~ — = ) ,
o @m)* 2 A2k)Vi(0) \Va(k)  Vi(k)
No=— (2 RO)y e ) RO}
BVi(0) ¢ Vi(0) VE0)B Vi(0)

The final expression for R(c) is given by

R(c) = M;(c) + Ma(c) + P(c) (34)
where
©  dk ~ ~ 1
M = k2 Vilk) — Vo(k _ 1],
(o) A sznﬂ<m) 2(»[mmwwww> }

— > dk 2
M;(c) —](; (2n)2k [n A(k)Vl(k)‘;Z(k) i

- ! [2+ ¢ (V (k)—V(k))H
ARViVk L Vo) N ’ ’

c \72(0) c? c
P(c):n(lnn—l—ln = >+ 1— = ( — —nc)—l— = .
BVi(0) Vi(0) ) \28V1(0) BVi(0)

All other thermodynamic functions may be found from E (n, ) by the Maxwell relations in
thermodynamics

(), (), (), @
W), B IV ’ aT ),

In particular, from above it follows

R(n, p) = P(n, p). (36)

where P is pressure of system.

3 Summary

The developed procedure of computing the equation of state can be summarized as follows.
First, we solve (33), and, second, the obtained roots are inserted in (34) which is the equation
of state. Thus, the developed procedure permits one to get the equation of state for simple
liquids, composed of particles interacting via two-body potential with attractive and repul-
sive counterparts and having bound states. The application of this procedure to the simple
liquid models with specific potentials is the subject of forthcoming article.
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We hope that the techniques presented in this Letter can also be useful for other fields
of computer simulation, where the sign problem does occur. We can contribute in this way
to establish the auxiliary field methodology as a standard tool for computation and this
technique can also provide an interesting possibility to reduce the sign problem of other
methods of computer simulation based on a functional integral approach.

This work has been initiated by discussions with Prof. Garry V. Efimov to whom author
is very indebted.
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Appendix A: Normal Form of Functional

Let us introduce normal form of functional with respect to Gauss measure. Consider the
equality:

/@e*%wn—‘@mb@=e*%(“)b) G7
Ca
and identity:
/%e*%wo—lwewn%(wb)51. (38)
Ca

The normal form of functional with respect to Gauss measure with Green function D will
understand multiplication

.. . . 1
109 = i (b9 +5 (DD (39)

This definition is identity and valid with any b, therefore expanding both hands of (39) with
respect to b we obtain

Pp(x)ip = (x),
(P ()P (x2) p = ¢ (x1)P(x2) — D(x1, x2),

1P ()P (02)$ (x3):p = P (x1)P (x2)p (x3) — D(x1, x2)¢ (x3)
— D(x2,x3)¢ (x1) — D(x3, x1) 9 (x2),

We can use the functional in normal form as:

/-dO'(P,DEEi(bq))ED = l,
(40)

/d%,DEcp(xl ...... # ()i =0.
In particular:

.o . 1 .. .
:e’(b¢):D — ej(h[D*B]h):el(baﬁ):B
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where
I(g)=/?e—%m—wwgwm=/d%’Aeng>J (41)
A
with normalization:

D _
1(0)2/—(}")6_%(‘M l¢):/d0'¢,A:1.
Ca

Any path integral over Gaussian measure for analytical ¢ can be written in normal form
with some Green function D:

WM)]:/dunemn»)Z/dﬂne—%mnn);ei(w);u (42)

This path integral convenient to represent in the form:

1. . . .
Wigl =Wy +i(Wi¢) — §3¢W2¢ZD +:Wilélp
where

W():/do,,e_%("l)”),
i(Wig) = / doye 1P (),

1. . 1 i . .
Siowasin =5 [ dose g g

WilsEo = [ doye 0PI, = 0Gigin),

ZZ

=e—1—z7——.
2 2

Appendix B: Equations

Let us consider path integral (41) and make use of the following equivalent transforma-
tions. First, we shift the variable of integration ¢ (x) —> ¢ (x) + &€(x). Second, we write the
functional of interactions in the normal form with respect to Gauss measure for new kernel
B~ !(x1, x,), we obtain

I(g)=/%e—%(zzzA“¢>—(¢A—‘s>—%(sA—‘s>+gWL¢+§J
Ca

_% D‘pe—%wrl@e—%<¢[A*1—B*'1¢)—<¢A*‘s>—%@A*ls)+gW{¢+s]
CsJ Cp
CB _1: —1_p-1 :_1 —1_p-1 _ ey 1 4
= = [ doy pe 2?4 BT W2 (AT -BTIB) (AT -3 (EATE)
Cy ’
— SWotigW19)—§ o Wa p+g W95 43)
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The major contribution to the functional integral gives Gauss measure doy g, therefore the
linear and quadratic terms over the integration variable ¢ (x) should be absent. Thus we
obtain two equations

EquationI: — (pA™'€) +ig(W;4) =0, (44)
Equation II:  — %f((j)[A‘l — B '1¢)i5 — §5(¢W2¢)EB =0. (45)

For more details see [5, 6].
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